Abslrnct. Periods of torsional eigenvibrations have been computed for heterogeneous spheres corresponding to a variety of earth models, and the periods of oscillation are used to calculate phase and group velocities for the fundamental and first higher modes of Love waves. A comparison is made between velocities computed for different spherical models and for equivalent ffat cart h structures. The cornpari8on shows (1) that the effect of sphericity is more complicated for fundamental mode Love wa'\·es than for Rayleigh waves because of the efficient channeling of waves by low-velocity layers and (2) that the first higher Love mode is more affected by curvature than the fundamental mode. The variation with depth of the relative amplitude of the displacements indicates that the first higher Love mode for periods less than 90 seconds is very sensitive to upper-mantle stnicture in the vicinity of the low-velocity zone.
Introduction. There have been many recent ,tudics, both observational and theoretical, on the dispersion of long-period Rayleigh 'vaves in the earth. In an important paper, Dorman et al. [1960] presented extensive computations to explain observed mantle Rayleigh wave dispersion. They calculated Rayleigh wave dispersion for eleven models of continental and oceanic structure for a flat, layered earth using the Thomrnn-Haskell matrix formulation. From rlata of E1ring and Press f19.54n, bl they conrlnrled that the mantle structure under continent~ proprn.:cd bv Gutenberg [see Bullard, 1957] waA far rnperior to the standard Jeffreys-Bullen structure. It was also shown that a modification nf a mantle structure proposed by Lehmann fHJ.55] \\"fls com:istent with Pacific Ocean data. Both the Gntrnberg and the Lehmann models include a low-velocity zone in the upper mantle. Takeuchi. Press. and Kobayashi 11959] Gutenberg's low-velocity zone in the upper mantle. Aki and Press [1961] , using a synthetic seismogram approach, demonstrated that the Atlantic and Indian oceans also had low-velocity zones and presented an alternative model for the Pacific Ocean.
Calculations based on flat earth models and Rayleigh wave group velocity data for periods between 50 and 250 seconds were used in all these fundamental studies. An important question was the influence of gravity and sphericity in this range of periods. This fJHestion wnci answered by Bolt and Donnan [19611 and by Alterman ct al. [1961] . By numerical integration of the equations of spheroidal motion for four models of a spherical, gravitating earth, Bolt and Dorman concluded that the combined effect of gravity and 8plwririt.v on phase velocity could not be ignored for Rayleigh waves with periods greater than about 50 Peconds, but that group Yelocities for 100 < T < 250 seconds were accurate to 1 per cent. The genera.I conclusions of the earlier papers, being based on group velocity clrrta, therefore remained correct. Bolt and Dorman further demonstrated - 
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; : ~ ,~-~I.~---i Alterman et al. [1961] also showed that calculations for a flat earth gave phase velocities correct to 1 per cent only to 50 seconds period and that group velocities were correct to 1 per cent to 250 seconds. Their solutions for a spherical earth also favored the Gutenberg mantle structure.
An equivalent study of mantle Love waves has not yet been presented. Published resultsdata and theory-are inconclusive. In !l prelimi-O~;;;;;;~~;:;;;:;;;;;;;:;i;;:;;;:~~r-~--r·~I Pekeris et al. [1961] also computed theoretical torsional oscillation periods. l\IacDonald and Ness concluded that a modified Gutenberg mantle fits the torsional oscillation data best, although the range of periods considered was not sensitive to details of the upper mantle structure. Kobayashi and Takeuchi [1961] , using calculations for a flat ea,rth, concluded that the Jeffrey's model gave better agreement than the Gutenberg model for mantle Love waves. Jobert [1960] also computed dispersion of Love waves on a spherical earth for several structures of continental and oceanic type.
Because a knowledge of LO\·e wa·rn dispersion gives valuable information about the shear wave velocity variations in the earth, extensive calculations are presented here in an examination of the sensitivity of Love waves to variations in assumed earth models. The sensitivity of Love waves to \'ariations in internal strncturc is an important question not only for terrestrial seismology but also for future planetary exploration.
The method used to obtain the new Love wave velocities depends on the calculation of the periods of the free torsional modes of vibration for a heterogeneous, elastic sphere. An outline of the method was presented by Alter- Stoneley [1961] presented an excellent review of the earlier calculations. Other techniques used to isolate the torsional eigenvibrations have been the v&riational method [Jobert, Hl56; Takeuchi, 19591 , an extension of the Thomson-Haskell matrix method [Gilbert and JlacDonald. 1960] , and a direct numerical integration of the equations of motion . Only a limited number of models have been con~idercd in the previous papers, and the mn,in attention has been focused on the low-order oscillations. There is significant disagreement between many of the published values of vibration periods. Since any eigenvalue problem requires a large amount of computation time, the results of the calculations are tabulated here in detail. The results can be used for studying not only the dispersion of Love waves but the free torsional oscillations themselves.
Computations are presented for the fnndn,-mental Love mode of periods between GO and about 600 seconds and are compared with recent phase velocity data. Comparisons of calculations for fiat and spherical surfaces with equivalent stmctures are made, and the first higher Love mode is investigated for continental and oceanic stmctures.
Numerical calculations and verification of res1llts. Alterman et al. [1959] have shown that the torsional oscillations can be defined by the system of equations
radius of spherical body. normalized radius. rigidity. unperturbed density. order number of spherical harmonic. frequency. radial factor of the displacements. radial factor of the shear stresses.
This system of equations was solved by Carr [1961] for a solid sphere and was coded in Fortran for an IBM 7090 computer. Since we are restricting our discussion to oscillations that are confined to the mantle, the presence of a liquid core is of no concern in the immediate problem. However, the boundary conditions are slightly changed for a solid sphere because regularity at the origin must be satisfied, in addition to the vanishing of stresses at the free surface.
Because the method of solution is thoroughly discussed by Carr [1961] , we shall only briefly outline the numerical solution here. The Adams-:vroulton predictor-corrector method is used in integrating the differential equations downward from the free surface. Runge-Kutta-Gill formulas are used to start the integration process and are used to restart the integration whenever the step size has been changed. The integration .5248 KOVACH AND ANDERSON Regularity at the origin was met by a power series expansion for the two dependent variables y 1 and ?/"; within the radius of convergence of the power series it is required that the solutions of the differential equations and of the power series match. This requirement gives rise to a characteristic determinant which equals zero for the correct eigenfrequency a. A sequence of approximations for a is used, halving the sum of the previous calculations, which makes the characteristic determinant change sign. The process is terminated when the value of a is unchanged up to a specified number of significant digits.
Verification of the numerical accuracy of the program was accomplished in several ways. The periods of oscillation for n = 2, 3, and 4 for a homogeneous moon model were calculated [Carr and Kovach, 1962] (Figure 2 ). The variation of the physical parameters for the Gutenberg-Birch model is given in Table 1 . Anderson and Harkrider [1962] have shown from calculations for a flat earth that the difference between Bullen A and Birch densities has only a slight effect on Rayleigh waves and an almost negligible effect on Love waws for periods less than 300 second£. Two of the oceanic models considered arr versions of Dorman's model 8099. The model 8099LM ( Figure 3, Table 2 ) approximates the actual layering used in the calculations for a fiat earth, whereas 8099SM (Table 2) is constructed with straight-line segments joining layer midpoints. CIT6 (Table 3) is a smoother structure with a low-velocity channel of the Gutenberg type and a density structure of the Birch type (Figures 2 and 3) . These three similar models allow us to investigate the sensitivity of mantle Love waves to clrtails in the upper spherical shells of variable thickness. Each shell mantle. has linear gradients of velocity and density. Therefore, any velocity-density distribution can TABLE o. 8090SM Model be approximated as closely as is desired by increasing the number of entries in the input tables. Seven models of the earth's mantle are considered; four models are continental and three are oceanic.
The continental models are the GutenbergBullen A, the Jeffreys-Bullen A, the LehmannBullen A, and the Gutenberg-Birch [Gutenberg, HJ59] . The Gutenberg-Bullen A model is the same as that considered by Pekeris et al. [1961] . Yelocity-clensity parameter,; for the .TrffreysBullen A and the Lehmann-Bullen A models were taken from Sato et al. [1960] . Figures 1  and 2 show the shear velocity and density distributions for the continental models.
Because the Gutenberg-Bullen A and the Lehmann-Bullen A models contain inconsistent velocity-density combinations, an additional earth model designated the Gutenberg-Birch model was constructed. This model is based on the most recent results of compressional and shear velocity obtained by Gutenberg [1959] and has slightly higher shear velocities in the low-velocity zone (Figure 1) Discilssion. Calculated periods and phase velocities are given in Tables 4 to 12 membered that the data are primarily for oceanic paths. For periods greater than about 200 seconds all the calculated phase velocities are within 2 per cent of each other, but the data do favor a Gutenberg or Gutenberg-Birch type of mantle structure. It is also interesting to note that for periods greater than 200 seconds the difference between oceanic and continental models is no larger than the differences between several of the continental models.
All the ocranic and continrntal group velocity curves consiclrred arc within 1% per cent of each other in the period range 150 < T < 400 seconds. This fact implies that measurements of group velocity must be made to at least this accuracy in order to differentiate between the various models considered.
Most calculations in the literature have been based on structures of continental type. An oceanic structure is more pertinent if conch1-sions are to be drawn from free-oscillation or world-encircling mantle Love wave data. Dorman et al [1960] developed an oceanic model, designated 8099, which they considered a satisfactory solution on the basis of plane layer calculations. Case 8099 is not a completely satisfactory solution in the light of more recent data for Rayleigh wave phase velocities and spherical earth solutions, but it serves as a convenient reference case. Furthermore, the densities used in 8099 are derived from Jeffrey's velocities and are therefore inconsistent with the actual velocity structure used. The two versions of 8099 considered here are shown in Figure 3 and Table 2 . Aside from being two possible oceanic structures, these cases may be considered two extreme methods for approximating the same smooth structure. As is shown in Figure 5 , the two structures give quite different dispersion. CIT6 is a smooth structure with a low-rnlocity channel and a consistent density. The phase velocity curve for this model falls between 8099SM and 8009LJVI, although all three curves fall generally within the scatter of the data. The recent data of Toksoz and BenJ\Ienahem (personal communication) favors CIT6 for periods between 60 and about 170 seconds. Between 200 and 350 seconds the data favor 8099LM, and beyond 400 seconds either CIT6 or 8099L:\I is satisfactory, although the data scatter. We note that for these long periods the continental Gutenberg structures are equally as satisfactory as the above-mentioned oceanic structures.
Since many previous calculations have been based on plane layered models of the earth, it is important to know how sphericity affects these results. Flat-earth equivalents have been computed for the Jeffreys-Bullen A and CIT6 structures. The resulting dispersion is shown in Figures 6 and 7 . The Jeffreys-Bullen A model behaves as expected; the flat and spherical solutions converge at short periods.
For this model we can determine an approximate empirical relation between phase velocities for spherical and plane layered structures. Fig. 7 . Effect of sphericity on LO\'e wave dispersion for the CIT 6 model. A comparison of the calculations for fiat and spherical structures for CIT6 gives a somewhat more surprising result. Instead of converging, the two phase ·velocity curves are almost parallel, the spherical case having pha8e velocities about 0.065 km/sec higher than the equivalent fiat case in the period range 70 < T < 300 seconds.
This can be shown to be dne to the presence of the low-velocity channel, which, for SH motion, acts as an efficient energy trap. In a certain range of periods the fundamental mode Love wave is as much a channel mode as a surface mode and is therefore traveling around a smaller sphere.
As can be seen in Figure 5 , the effect of sphericity on the first higher Love mode is large. If data for fundamental and higher-mode Love waves arc used to determine earth structure, it appears that the effect of sphcricity must be included even for periods as short as 20 seconds. However, this situation improves if it can be demonstrated that no low-velocity zone exists in the depth interval of interest.
Displacements. The variations of displacements and stresses with depth are calculated routinely in the process of finding the eigenfrequencies. Displacements and stresses are important not only for checking convergence and verifying mode number but also for determining energies and the resulting effect on dispersion of various sections of the spherical wave guide. Figure 8 shows the displacements for two ranges of periods for two continental models. The Gutenberg-Birch and the Jeffreys-Bullen A models give quite different dispersion, but the displacements with depth are similar. Dispfacements for an equivalent fiat earth model are greater for the fundamental mode and show that Love waves over a spherical earth do not sample as deep as they do on an equivalent fiat f.'arth.
Normalized displacements in the fundamental and first higher Love modes are shown in Figure  9 for the CIT 6 model. The higher modes of a given order number sample successively deeper. Since the higher modes sample the mantle differently than the fundamental mode, the use of higher-mode data promises to be important m determining a unique structure.
Comparisons between displacements in a spherical earth and in a flat earth are made in Figure 10 for both the fundamental and the first higher Love mode. The effect of sphericity is to translate the displacements away from the center of curvature of the displacement-depth function. As is evident from the dispersion (Figure 7) and the variation of displacements with depth, sphericity has a larger effect on highermode Love waves than on the fundamental mode.
Conclusions. In addition to providing theoretical results for mantle Love waves for seven models of a heterogeneous, spherical earth, we are able to draw several important conclusions E ""' ::r:500. from our analysis: (1) For the models considered here the effect of sphericity is less extreme, although more complicated, on fundamental mode Love waves of periods greater than some 200 seconds than on Rayleigh waves. A low-velocity channel seems to be more effective in trapping energy for Love waves, and it therefore makes the effect of sphericity show up at very short periods. The sphericity correction is a strong function of earth stmcture.
(2) Calculations of displacement as a function of depth indicate that the first higher Love mode for periods less than 90 seconds is very sensitive to the upper mantle structure in the vicinity of the low-velocity zone and is a potentially useful source of information for analyzing the details of this region. (3) The data seem to favor a CIT6 oceanic upper mantle structure and a Gutenberoor Gutenberg-Birch lmver mantle structure. I~ is preferable to use a Gutenberg-Birch structure however, because of the consistent velocity-den~ sity relation. ( 4) For periods greater than 200 seconds the difference between the dispersion for oceanic and continental structures is no greater than the difference between the dispersion for various proposed continental models. (5) The group velocity of mantle Love waves is much less sensitive to different structures than the phase velocity if'. (6) More precise and consistent experimental data for Love wave dispersion are needed before the question of the best model for the earth's mantle can be resolved.
